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This paper is a survey of results on chromatic polynomials of graphs which are generaliza- 
tions of trees. In particular, chromatic polynomials of q-trees will be discussed. The smallest 
q-tree (q 5 1) is the complete graph K, on q vertices. A q-tree on n + 1 vertices where n 2 q, is 
obtained by adding a new vertex adjacent to each of q arbitrarily selected, mutually adjacent 
vertices in a q-tree on n vertices. Another generalization of trees is the n-gon-trees. The 
smallest n-gon-tree (n * 3) is the n-gon which is a cycle on n vertices. A n-gon-tree with k + 1 
n-gons is obtained from a n-gon-tree with k n-gons by adding a new n-gon which has exactly 
one edge in common with any n-gon of a n-gon-tree with k n-gons. 
1. Introduction 
The graphs which we consider here are finite, undirected, simple and loopless. 
Let P(G, A) be the chromatic polynomial of the graph G. A graph G is uniquely 
m-colorable if and only if p(G, m) = m!. Two graphs are said to be chromatically 
equivalent if their chromatic polynomials are equal. 
In [3], Chao and Whitehead proved that a large class of nonisomorphic 
connected graphs are chromatically equivalent. This class includes the cactus 
graphs; a CUCOB graph is a connected graph where each pair of cycles have no 
edge in common. In a planar graph, a cycle is a mini-cycle if and only if it is one 
of the two smaller cycles in every O-subgraph. A 8-subgruph is a subgraph which 
consists of two cycles with exactly one common edge. A connected planar graph F 
is forest-like if each pair of cycles have at most one edge in common, and if the 
dual graph Fd of F is a forest where Fd is obtained from F by replacing each 
mini-cycle by a vertex, and by joining two vertices in Fd by an edge if and only if 
the corresponding mini-cycles in F have one edge in common. Chao and 
Whitehead proved that all forest-like connected planar graphs with a vertices, e 
edges and the same number of mini-cycles of each length are chromatically 
equivalent. 
2. q-trees 
The graphs called 2-trees are defined by recursion. The smallest 2-tree is the 
complete graph Kz on 2 vertices. A 2-tree on n + 1 vertices (where n 3 2) is 
obtained by adding a new vertex adjacent to each of 2 arbitrarily selected 
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adjacent vertices in a 2-tree on n vertices. (It should be noted that 2-trees are 
examples of forest-like connected planar graphs where the mini-cycles are 
triangles. A triangle is a cycle of length 3.) In [5], Skupied stated a problem to 
find a characterization of 2-trees. In [6], Whitehead proved that a graph G is a 
2-tree on n vertices if and only if P(G, II) = k(/J - l)(n - 2)n-2. The proof 
technique is based on the fact that any n-vertex graph G having chromatic 
polynomial 3L(A - l)(A - 2)n-2 is a uniquely 3-colorable graph. The method of 
proof is similar to the method used by Xu and Li, in [7], to prove that a wheel on 
an odd number of vertices is chromatically unique. 
The graphs called q-trees are defined by recursion. The smallest q-tree is the 
complete graph K4 on q vertices. A q-tree on n + 1 vertices (where n 2 q) is 
obtained by adding a new vertex adjacent to each of q arbitrarily selected, 
mutually adjacent vertices of a q-tree on n vertices. In [2], Chao et al. proved 
that a n-vertex graph G is a q-tree if and only if P(G, A) = A(A. - 1) * * . (A - q + 
l)(A - q)“-4 where IZ 2 q. In their proof, they use the fact that any graph which is 
chromatically equivalent to a q-tree is a uniquely (q + 1)-colorable graph. They 
obtain a sharp upper bound estimate on the number of triangles in such a graph. 
They show that q-trees are the only graphs which obtain this upperbound. Every 
(q + 1)-coloring of a uniquely (q + 1)-colorable graph results in the same partition 
of its vertices into color classes. Chao et al. study the subgraphs induced by the 
union of any k of these color classes where 2 d k d q + 1. 
3. Trees of polygons 
In [l], Chao and Li studied chromatic polynomials of “trees of polygons”. Let 
n be a positive integer where n > 3. The graphs called n-gon-trees are defined by 
recursion. The smallest n-gon-tree is the n-cycle, denoted C,, which is the only 
two-connected graph containing n vertices and n edges. A n-gon-tree with k + 1 
n-gons is obtained from a n-gon-tree with k n-gons by adding a new n-gon which 
has one edge in common with any n-gon of a n-gon-tree with k n-gons. Fig. 1 
gives examples of a 3-gon-tree with six 3-gons, and a 4-gon-tree with five 4-gons. 
(In [6], Whitehead studied 3-gon-trees calling them 2-trees.) Chao and Li proved 
the following theorem which characterizes n-gon-trees. 
Fig. 1. 
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Theorem. A graph G is a n-gon-tree with k n-gons (where integer n 2 3 and 
integer k 2 1) if and only if >(G, A) = 3L(A - l)(Q(Cn, h))k where Q(C,, A) = 
P(C,, n) + (n(n - 1)). 
Their proof of this theorem is based on Kuratowski’s characterization of 
non-planar graphs in terms of KS and K3,3 homeomorphs, Chao and Zhao’s 
characterization (see [4]) of two-connected graphs containing no subgraphs 
homeomorphic to &, and a careful analysis of the coefficients of the chromatic 
polynomial of a n-gon-tree. 
4. Unsolved problems 
Problem 1. For each positive integer m, classify the uniquely m-colorable graphs. 
These graphs should yield new families of chromatically unique graphs. 
Problem 2. Find a characterization of arbitrary trees of polygons similar to the 
characterization of n-gon-trees given by Chao and Li in [l]. By arbitrary trees of 
polygons, we mean trees of polygons where the length of the polygons are not 
required to be the same. 
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